Abstract. We construct the Mumford-Knudsen space M 0,n of n-pointed stable rational curves by a sequence of explicit blow-ups from the GIT quotient (P 1 ) n //SL(2) with respect to the symmetric linearization O(1, · · · , 1). The intermediate blown-up spaces turn out to be the moduli spaces of weighted pointed stable curves M 0,n·ǫ for suitable ranges of ǫ. As an application, we provide a new unconditional proof of M. Simpson's Theorem about the log canonical models of M 0,n . We also give a basis of the Picard group of M 0,n·ǫ .
Introduction
Recently there has been a tremendous amount of interest in the birational geometry of moduli spaces of stable curves. See for instance [1, 4, 7, 10, 11, 17, 19, 21] for the genus 0 case only. Most prominently, it has been proved in [1, 4, 21] that the log canonical models for (M 0,n , K M0,n + αD), where D is the boundary divisor and α is a rational number, give us Hassett's moduli spaces M 0,n·ǫ of weighted pointed stable curves with symmetric weights n · ǫ = (ǫ, · · · , ǫ). See §2.1 for the definition of M 0,n·ǫ and Theorem 1.2 below for a precise statement. The purpose of this paper is to prove that actually all the moduli spaces M 0,n·ǫ can be constructed by explicit blow-ups from the GIT quotient (P 1 ) n //SL(2) with respect to the symmetric linearization O(1, · · · , 1) where SL(2) acts on (P 1 ) n diagonally. More precisely, we prove the following. Except for the last arrow when n is even, the center for each blow-up is a union of transversal smooth subvarieties of same dimension. When n is even, the last arrow is the blow-up along the singular locus which consists of 1 2 n m points in (P 1 ) n //SL(2), i.e. M 0,n·ǫ 1 is Kirwan's partial desingularization (see [14] ) of the GIT quotient (P 1 ) 2m //SL (2) .
If the center of a blow-up is the transversal union of smooth subvarieties in a nonsingular variety, the result of the blow-up is isomorphic to that of the sequence of smooth blow-ups along the irreducible components of the center in any order (see §2.3). So each of the above arrows can be decomposed into the composition of smooth blow-ups along the irreducible components.
As an application of Theorem 1.1, we give a new proof of the following theorem of M. Simpson ([21] ) without relying on Fulton's conjecture. There are already two different unconditional proofs of Theorem 1.2 by AlexeevSwinarski [1] and by Fedorchuk-Smyth [4] . See Remark 5.13 for a brief outline of the two proofs. In this paper we obtain the ampleness of some crucial divisors directly from Theorem 1.1. As another application, we give an explicit basis of the Picard group of M 0,n·ǫ k for each k.
It is often the case in moduli theory that adding an extra structure makes a problem easier. Let 0 ≤ k < n. A pointed nodal curve (C, p 1 , · · · , p n ) of genus 0 together with a morphism f : C → P 1 of degree 1 is called k-stable if i. all marked points p i are smooth points of C; ii. no more than n − k of the marked points p i can coincide; iii. any ending irreducible component C ′ of C which is contracted by f contains more than n − k marked points; iv. the group of automorphisms of C preserving f and p i is finite.
A. Mustata and M. Mustata prove the following in [19] . Theorem 1.3. [19, §1] There is a fine moduli space F k of k-stable pointed parameterized curves (C, p 1 , · · · , p n , f). Furthermore, the moduli spaces F k fit into a sequence of blow-ups
n whose centers are transversal unions of smooth subvarieties.
The first term P 1 [n] is the Fulton-MacPherson compactification of the configuration space of n points in P 1 constructed in [5] . The blow-up centers are transversal unions of smooth subvarieties and hence we can further decompose each arrow into the composition of smooth blow-ups along the irreducible components in any order. This blow-up sequence is actually a special case of L. Li's inductive construction of a wonderful compactification of the configuration space and transversality of various subvarieties is a corollary of Li's result [17, Proposition 2.8] . (See §2. 3 .) The images of the blow-up centers are invariant under the diagonal action of SL(2) on (P 1 ) n and so this action lifts to F k for all k. The aim of this paper is to show that the GIT quotient of the sequence (2) by SL(2) gives us (1) .
To make sense of GIT quotients, we need to specify a linearization of the action of G = SL(2) on F k . For F 0 = (P 1 ) n , we choose the symmetric linearization L 0 = O(1, · · · , 1). Inductively, we choose L k = ψ * k L k−1 ⊗ O(−δ k E k ) where E k is the exceptional divisor of ψ k and 0 < δ k << δ k−1 << · · · << δ 1 << 1. Let F ss k (resp. F s k ) be the semistable (resp. stable) part of F k with respect to L k . Then by [14, §3] . In particular, we obtain a sequence of morphisms
It is well known that a point
n is stable (resp. semistable) if ≥ ⌊ n 2 ⌋ points (resp. > ⌊ n 2 ⌋ points) do not coincide ( [18, 13] ). Let us first consider the case where n is odd. In this case, F 
Since both varieties are nonsingular, we can conclude that φ k is an isomorphism by showing that the Picard numbers are identical. SinceḠ acts freely on F s n−m+k , the quotient of the blow-up center of ψ n−m+k+1 is again a transversal union of n m−k smooth varieties Σ S n−m+k //G for a subset S of {1, · · · , n} with |S| = m−k, which are isomorphic to the moduli space M 0,(1,ǫ k ,··· ,ǫ k ) of weighted pointed stable curves with n − m + k + 1 marked points (Remark 4.4). Finally we conclude that
is a blow-up by using a lemma in [14] which tells us that quotient and blow-up commute. (See §2.2.) It is straightforward to check that this morphism ϕ k is identical to Hassett's natural morphisms ( §2.1). Note that the isomorphism
was obtained by Hu and Keel ([9] ) when n is odd because L 0 is a typical linearization in the sense that F ss 0 = F s 0 . The above proof of the fact that φ k is an isomorphism in the odd n case is essentially the same as Hu-Keel's. However their method does not apply to the even degree case.
The case where n is even is more complicated because
n //G is singular with exactly 1 2 n m singular points. But for k ≥ 1, the GIT quotient of F n−m+k by G is nonsingular and we can use Kirwan's partial desingularization of the GIT quotient F n−m+k //G ( [14] ). For k ≥ 1, the locus Y n−m+k of closed orbits in F 
is a blow-up along Y n−m+k //G which has to be an isomorphism because the blowup center is already a smooth divisor. So we can useF s n−m+k instead of F ss n−m+k and apply the same line of arguments as in the odd degree case. In this way, we can establish Theorem 1.1.
To deduce Theorem 1.2 from Theorem 1.1, we note that by [21, Corollary 3.5] , it suffices to prove that
is the boundary divisor of M 0,n·ǫ k (Proposition 5.6). By the intersection number calculations of Alexeev and Swinarski ([1, §3]), we obtain the nefness of K M 0,n·ǫ k + αD k for α = 2 m−k+1 + s for some (sufficiently small) positive number s. Because any positive linear combination of an ample divisor and a nef divisor is ample, it suffices to show that K M 0,n·ǫ k +αD k is ample for α = 2 m−k+2 +t for any sufficiently small t > 0. We use induction on k. By calculating the canonical divisor explicitly, it is easy to show when k = 0. Because ϕ k is a blow-up with
By a direct calculation, we find that these ample divisors give us K M 0,n·ǫ k +αD k with α = 2 m−k+2 +t for any sufficiently small t > 0. So we obtain a proof of Theorem 1.2.
For the moduli spaces of unordered weighted pointed stable curves
we can simply take the S n quotient of our sequence (1) and thus M 0,n·ǫ k can be constructed by a sequence of weighted blow-ups from P n //G = (P 1 ) n //G /S n . In particular, M 0,n·ǫ 1 is a weighted blow-up of P n //G at its singular point when n is even.
Here is an outline of this paper. In §2, we recall necessary materials about the moduli spaces M 0,n·ǫ k of weighted pointed stable curves, partial desingularization and blow-up along transversal center. In §3, we recall the blow-up construction of the moduli space F k of weighted pointed parameterized stable curves. In §4, we prove Theorem 1.1. In §5, we prove Theorem 1.2. In §6, we give a basis of the Picard group of M 0,n·ǫ k as an application of Theorem 1.1.
Acknowledgement. This paper grew out of our effort to prove a conjecture of Brendan Hassett (passed to us by David Donghoon Hyeon): When n is even, M 0,n·ǫ 1 is the (weighted) blow-up of P n //G at the singular point. It is our pleasure to thank Donghoon Hyeon for useful discussions. We are also grateful to David Smyth who kindly pointed out an error in a previous draft.
Preliminaries

2.1.
Moduli of weighted pointed stable curves. We recall the definitions and basic facts on Hassett's moduli spaces of weighted pointed stable curves from [7] .
A family of nodal curves of genus g with n marked points over base scheme B consists of (1) a flat proper morphism π : C → B whose geometric fibers are nodal connected curves of arithmetic genus g and (2) sections s 1 , s 2 , · · · , s n of π.
An n-tuple A = (a 1 , a 2 , · · · , a n ) ∈ Q n with 0 < a i ≤ 1 assigns a weight a i to the i-th marked point. Suppose that 2g − 2 + a 1 + a 2 + · · · + a n > 0. When g = 0, there is no nontrivial automorphism for any weighted pointed stable curve and hence M 0,A is a projective smooth variety for any A.
There are natural morphisms between moduli spaces with different weight data. Let A = {a 1 , · · · , a n }, B = {b 1 , · · · , b n } be two weight data and suppose a i ≥ b i for all 1 ≤ i ≤ n. Then there exists a birational reduction morphism
For (C, s 1 , · · · , s n ) ∈ M g,A , ϕ A,B (C, s 1 , · · · , s n ) is obtained by collapsing components of C on which ω C + b 1 s 1 + · · · + b n s n fails to be ample. These morphisms between moduli stacks induce corresponding morphisms between coarse moduli schemes.
The exceptional locus of the reduction morphism ϕ A,B consists of boundary divisors D I,I c where I = {i 1 , · · · , i r } and I c = {j 1 , · · · , j n−r } form a partition of {1, · · · , n} satisfying r > 2,
Here D I,I c denotes the closure of the locus of (C, s 1 , · · · , s n ) where C has two irreducible components C 1 , C 2 with p a (C 1 ) = 0, p a (C 2 ) = g, r sections s i 1 , · · · s ir lying on C 1 , and the other n − r sections lying on C 2 .
. From now on, we focus on the g = 0 case. Let
Consider the reduction morphism 
is a contraction of n m−k+1 disjoint divisors and its image is an open subset whose complement has codimension at least two. Therefore we obtain the following equality of Picard numbers:
It is well known that the Picard number of M 0,n is
Hence we obtain the following lemma from (4) and (5).
We recall a few results from [14, 8] on change of stability in a blow-up.
Let G be a complex reductive group acting on a projective nonsingular variety X. Let L be a G-linearized ample line bundle on X. Let Y be a G-invariant closed subvariety of X, and let π : X → X be the blow-up of X along Y, with exceptional divisor E. Then for sufficiently large Let I be the ideal sheaf of Y. In the statement of Lemma 2.5, the blow-up is defined by the ideal sheaf (I m ) G which is the G-invariant part of I m , for some m. (See the proof of [14, Lemma 3.11] .) In the cases considered in this paper, the blow-ups always take place along reduced ideals, i.e. X//G is the blow-up of X//G along the subvariety Y//G because of the following. For the second case, note that the orbits in Y ss are closed in X ss because the stabilizers are maximal. So we can again use Luna's slice theorem to see that etale locally near a point y in Y ss , the varieties X ss , Y ss and X are respectively G× C * S, G× C * S 0 and G× C * bl S 0 S for some nonsingular locally closed C * -equivariant subvariety S and its C * -fixed locus S 0 . Therefore the quotients X//G, Y//G and X//G areétale locally S//C * , S 0 and (bl S 0 S)//C * . Thus it suffices to show
Since X is smooth,étale locally we can choose our S to be the normal space to the orbit of y and S is decomposed into the weight spaces S 0 ⊕ S + ⊕ S − . As the action of C * extends to SL(2), the nonzero weights are ±l by assumption. If we choose coordinates x 1 , · · · , x r for S + and y 1 , · · · , y s for S − , the invariants are polynomials of x i y j and thus 
and thus
Since S is factorial and I is reduced,
. By factoriality, g · f may differ from f only by a constant multiple, which must be an m-th root of unity. Because C * is connected, the constant must be 1 and hence f ∈ I C * .) Therefore I C * is the reduced ideal of S 0 on S//C * and hence (bl S 0 S)//C * ∼ = bl S 0 (S//C * ) as desired. The last case is similar to the first case. Near a point in W, X ss isétale locallȳ G× Z 2 S where S = S W ×C for some smooth variety S W . Z 2 acts trivially on S W and by ±1 on C. Etale locally
This proves our lemma. The case (3) of Lemma 2.6 is similar and we omit the detail.
Finally we recall Kirwan's partial desingularization construction of GIT quotients. Suppose X ss = X s and X s is nonempty. Kirwan in [14] introduced a systematic way of blowing up X ss along a sequence of nonsingular subvarieties to obtain a variety X with linearized G action such that X ss = X s and X//G has at worst finite quotient singularities only, as follows:
(1) Find a maximal dimensional connected reductive subgroup R such that the R-fixed locus Z ss R in X ss is nonempty. Then
is a nonsingular closed subvariety of X ss where N R denotes the normalizer of R in G.
(2) Blow up X ss along GZ ss R and find the semistable part X ss 1 . Go back to step 1 and repeat this precess until there are no more strictly semistable points. Kirwan proves that this process stops in finite steps and X//G is called the partial desingularization of X//G. We will drop "partial" if it is nonsingular.
2.3. Blow-up along transversal center. We show that the blow-up along a center whose irreducible components are transversal smooth varieties is isomorphic to the result of smooth blow-ups along the irreducible components in any order. This fact can be directly proved but instead we will see that it is an easy special case of beautiful results of L. Li in [17] .
(1) For a nonsingular algebraic variety X, an arrangement of subvarieties S is a finite collection of nonsingular subvarieties such that all nonempty scheme-theoretic intersections of subvarieties in S are again in S.
(2) For an arrangement S, a subset B ⊂ S is called a building set of S if for any s ∈ S − B, the minimal elements in {b ∈ B : b ⊃ s} intersect transversally and the intersection is s.
(3) A set of subvarieties B is called a building set if all the possible intersections of subvarieties in B form an arrangement S (called the induced arrangement of B) and B is a building set of S.
The wonderful compactification X B of X 0 = X − ∪ b∈B b is defined as the closure of X 0 in b∈B bl b X. Li then proves the following. 
If we denote the ideal of
} is clearly a building set. By Theorem 2.9 we obtain the following. bl Y τ(1) X for any permutation τ ∈ S n whereỸ i denotes the proper transform of Y i .
2.4.
Log canonical model. Let X be a normal projective variety and D = a i D i be a rational linear combination of prime divisors of X with 0 < a i ≤ 1. A log resolution of (X, D) is a birational morphism π : Y → X from a smooth projective variety Y to X such that π −1 (D i ) and the exceptional divisors E i of π are simple normal crossing divisors on Y. Then the discrepancy formula
Let (X, D) be a pair where X is a normal projective variety and D = a i D i be a rational linear combination of prime divisors with 0 < a i ≤ 1.
When X is smooth and D is a normal crossing effective divisor, (X, D) is always lc and is klt if all a i < 1.
Definition 2.11. For lc pair (X, D), the canonical ring is
and the log canonical model is Proj R(X, K X + D).
In [2] , Birkar, Cascini, Hacon and McKernan proved that for any klt pair (X, D), the canonical ring is finitely generated, so the log canonical model always exists.
Moduli of weighted parameterized stable curves
Let X be a smooth projective variety. In this section, we decompose the map [19, §1] . Let us recall their construction.
Stage 0: Let F 0 = X n and Γ 0 = X n × X. For a subset S of {1, 2, · · · , n}, we let
and let σ We can continue this way until we reach the last stage.
Stage n − 1: Let F n−1 be the blow-up of F n−2 along Σ Proof. This is a special case of the inductive construction of the wonderful compactification in [17] . (See §2.3.) In our situation, the building set is the set of all diagonals
(1) no more than n − k of the marked points σ i (s) in C s coincide; (2) any ending irreducible curve in C s , except the parameterized one, contains more than n − k marked points; (3) all the marked points are smooth points of the curve C s ; (4) C s has finitely many automorphisms preserving the marked points and the map to P 1 . 
Blow-up construction of moduli of pointed stable curves
In the previous section, we decomposed the natural map
n of the Fulton-MacPherson space into a sequence
n of blow-ups along transversal centers. By construction the morphisms above are all equivariant with respect to the action of G = SL(2). For GIT stability, we use the
where E k is the exceptional divisor of ψ k and {δ k } is a decreasing sequence of sufficiently small positive numbers. Let m = ⌊ n 2 ⌋. In this section, we prove the following. Theorem 4.1. (i) The GIT quotient F n−m+k //G for 1 ≤ k ≤ m − 2 is isomorphic to Hassett's moduli space of weighted pointed stable rational curves M 0,n·ǫ k with weights n · ǫ k = (ǫ k , · · · , ǫ k ) where (ii) If n is odd,
and we have a sequence of blow-ups
whose centers are transversal unions of equidimensional smooth varieties.
(iii) If n is even, M 0,n·ǫ 1 is a desingularization of
obtained by blowing up 1 2 n m singular points so that we have a sequence of blow-ups
(1) When n is even, M 0,n·ǫ 0 is not defined because the sum of weights does not exceed 2.
(2) When n is even, M 0,n·ǫ 1 is Kirwan's (partial) desingularization of the GIT quotient (P 1 ) n //G with respect to the symmetric linearization
Let F ss k (resp. F s k ) denote the semistable (resp. stable) part of F k . By (6), we have 
When n is even, ψ k induces a morphism F and
Let us consider the case where n is odd first. By forgetting the parameterization of the parameterized component of each member of family (Γ m+k+1 → F m+k+1 , σ i m+k+1 ), we get a rational map F m+k+1 M 0,n·ǫ k for k = 0, 1, · · · , m− 2. By the definition of the stability in §2.1, a fiber over ξ ∈ F m+k+1 is not stable with respect to n · ǫ k = (ǫ k , · · · , ǫ k ) if and only if, in each irreducible component of the curve, the number a of nodes and the number b of marked points satisfy bǫ k + a ≤ 2. Obviously this cannot happen on the (GIT) stable part F s m+k+1 . Therefore we obtain a morphism F s m+k+1 → M 0,n·ǫ k . By construction this morphism is G-invariant and thus induces a morphism
Since the stabilizer groups in G of points in F s 0 are all {±1}, the quotient ψ m+k+1 : F m+k+1 //G → F m+k //G of ψ m+k+1 is also a blow-up along a center which consists of transversal smooth varieties by Corollary 2.7.
Since the blow-up center has codimension ≥ 2, the Picard number increases by n m−k+1 for k = 1, · · · , m − 2. Since the character group of SL(2) has no free part, by the descent result in [3] , the Picard number of F m+1 //G = F s 0 /G is the same as the Picard number of F s 0 which equals the Picard number of F 0 . Therefore ρ(F m+1 //G) = n and the Picard number of
which equals the Picard number of M 0,n·ǫ k by Lemma 2.4. Since M 0,n·ǫ k and F m+k+1 //G are smooth and their Picard numbers coincide, we conclude that φ k is an isomorphism as we desired. So we proved Theorem 4.1 for odd n. Now let us suppose n is even. For ease of understanding, we divide our proof into several steps.
Step 1: For k ≥ 1, F m+k //G are nonsingular and isomorphic to the partial desingularizationsF m+k //G.
The GIT quotients F m+k //G may be singular because there are C * -fixed points in the semistable part F ss m+k . So we use Kirwan's partial desingularization of the GIT quotients F m+k //G ( §2.2). The following lemma says that the partial desingularization process has no effect on the quotient F m+k //G for k ≥ 1.
Lemma 4.3. Let F be a smooth projective variety with linearized G = SL(2) action and let F ss be the semistable part. Fix a maximal torus C * in G. Let Z be the set of C * -fixed points in F ss . Suppose the stabilizers of all points in the stable part F s are {±1} and Y = GZ is the union of all closed orbits in F ss − F s . Suppose that the stabilizers of points in Z are precisely C * . Suppose further that Y = GZ is of codimension 2. LetF → F ss be the blow-up of F ss along Y and letF s be the stable part inF with respect to a linearization as in §2.2. Finally suppose that for each y ∈ Z, the weights of the C * action on the normal space to Y is ±l for some l > 0. ThenF//G =F s /G ∼ = F//G and F//G is nonsingular.
Proof. SinceḠ = G/{±1} acts freely on F s , F s /G is smooth. By assumption, Y is the union of all closed orbits in F ss − F s and hence F//G − F s /G = Y/G. By Lemma 2.6 (2),F s /G is the blow-up of F//G along the reduced ideal of Y/G. By our assumption, Z is of codimension 4 and
where N C * is the normalizer of C * in G. Since the dimension of F//G is dim F − 3, the blow-up center Y/G is nonsingular of codimension Step 2: The partial desingularizationF m //G is a nonsingular variety obtained by blowing up the 
and C * acts with weights 2 and −2 respectively on the two factors. By Luna's slice theorem,étale locally near Σ Step 3: The morphismψ m+k+1 : F m+k+1 //G → F m+k //G is the blow-up along the union of transversal smooth subvarieties for k ≥ 1. For k = 0, we haveF 
Step 5: Completion of the proof.
As in the odd degree case, for k ≥ 1 the universal family π k : Γ m+k → F m+k gives rise to a family of pointed curves by considering the linear system K π k +ǫ k i σ i m+k . Over the semistable part F ss m+k it is straightforward to check that this gives us a family of n · ǫ k -stable pointed curves. Therefore we obtain an invariant morphism
By Lemma 2.4, the Picard number of M 0,n·ǫ k coincides with that of F m+k //G given in (14) . Hence the morphism F m+k //G → M 0,n·ǫ k is an isomorphism as desired. This completes our proof of Theorem 4.1. Remark 4.5. For the moduli space of unordered weighted pointed stable curves M 0,n·ǫ k /S n , we can simply take quotients by the S n action of the blow-up process in Theorem 4.1. In particular, M 0,n /S n is obtained by a sequence of weighted blow-ups from (P 1 ) n //G /S n = P n //G.
Log canonical models of M 0,n
In this section, we give a relatively elementary and straightforward proof of the following theorem of M. Simpson by using Theorem 4.1. Let M 0,n be the moduli space of n distinct points in P 1 up to Aut(P 1 ).
Simpson [21] ) Let α be a rational number satisfying 2 n−1 < α ≤ 1 and let D = M 0,n − M 0,n denote the boundary divisor. Then the log canonical model For notational convenience, we denote ( (
Proof. The push-forward formulas (3) and (4) 
By adding them up for all S such that |S| = 2, we obtain (2). When n is even and k = 1, we calculate the pull-back before quotient. Let π :F 
Lemma 5.5.
(1) The canonical divisor of (P 1 ) n //G is
Proof. It is well known by the descent lemma ( [3] ) that Pic((P 1 ) n //G) is a free abelian group of rank n(See §6). The symmetric group S n acts on (P 1 ) n //G in the obvious manner, and there is an induced action on its Picard group. Certainly the canonical bundle K (P 1 ) n //G and D 2 0 are S n -invariant. On the other hand, the S n -invariant part of the rational Picard group is a one dimensional vector space generated by the quotient D 2 0 of O (P 1 ) n (n − 1, · · · , n − 1) and hence we have
for some c ∈ Q. Suppose n is odd. The contraction morphisms ϕ k are all compositions of smooth blow-ups for k ≥ 1. From the blow-up formula of canonical divisors ([6, II Exe. 8.5]) and Lemma 5.3, we deduce that We are now ready to prove Theorem 5.1. By [21, Corollary 3.5] , the theorem is a direct consequence of the following proposition. We will use Alexeev and Swinarski's intersection number calculation in [1] to achieve (a) (See Lemma 5.12.) and then (b) will immediately follow from our Theorem 4.1.
Notice that the last equality is an easy consequence of Lemma 5.3. By [10] , there is a birational morphism π x : M 0,n → ( 
Obviously the symmetric group S n acts on x by permuting the components of x.
Notice that V(x, n) is nef because it is a positive linear combination of nef line bundles. 
By [12, Corollary 4.4] , the following computation is straightforward.
Lemma 5.10. The intersection numbers C i · A(k, α) are
This lemma is in fact a slight generalization of [1, Lemma 3.7] where the intersection numbers for α = 
is ample for any sufficiently small δ > 0 by [6, II 7.10] . A direct computation with Lemmas 5.3 and 5.5 provides us with Proof. Since the codimensions of unstable strata in (P 1 ) n are greater than 1,
For all x ∈ ((P 1 ) n ) s , G x ∼ = {±1}. If n is even and x is strictly semistable point with closed orbit, then G x ∼ = C * . Since G is connected, G acts on the discrete set Pic((P 1 ) n ) trivially. By Kempf's descent lemma ([3, theorem 2.3]) and by checking the actions of the stabilizers on the fibers of line bundles, we deduce that O(a 1 , a 2 , · · · , a n ) descends to ((P 1 ) n ) ss //G if and only if 2 divides a i . Consider the case when n is odd first. It is elementary to check that the subgroup {(a 1 , · · · , a n ) ∈ Z n | a i ∈ 2Z} is free abelian of rank n and {e i +e i+1 } for 1 ≤ i ≤ n form a basis of this group. Furthermore, for S = {i, j} with i = j, the big diagonal (Σ Now suppose that n is even. Still the group {(a 1 , · · · , a n ) ∈ Z n | a i ∈ 2Z} is free abelian of rank n and {e i + e i+1 } 1≤i≤n−1 ∪ {e 1 + e n−1 } form a basis. In The rest of the proof is identical to the odd n case and so we omit it.
